Abstract. We show that the Frölicher spectral sequence of a complex parallelizable solvmanifold is degenerate at E 2 -term. For a semi-direct product G = C n ⋉ φ N of Lie-groups with lattice Γ = Γ ′ ⋉ Γ ′′ such that N is a nilpotent Lie-group with a left-invariant complex structure and φ is a semi-simple action, we also show that, if the Frölicher spectral sequence of the nilmanifold N/Γ ′′ is degenerate at Er-term for r ≥ 2, then the Frölicher spectral sequence of the solvmanifold G/Γ is also degenerate at Er-term.
Introduction
Let M be a compact complex manifold. The Frölicher spectral sequence E * , * * (M ) of M is the spectral sequence of the C-valued de Rham complex (A * (M ), d) which is given by the double complex (A * , * (M ), ∂,∂). Consider the differential d * on E * , * * (M ). We denote r(M ) = min{r ∈ N|∀s ≥ r, d s = 0}.
It is well-known that r(M ) = 1 if M is Kähler. In general r(M ) = 1 does not hold. Hence we can say that r(M ) measures how far M is from being a Kähler manifold. We are interested in finding non-Kähler complex manifolds which has large r(M ). Consider a nilmanifold G/Γ with a left-invariant complex structure where G is a simply connected nilpotent Lie-group and Γ is a lattice in G. In [1] , it is proved that if G/Γ is complex parallelizable then r(G/Γ) ≤ 2. However in general for arbitrary k ∈ N Rollenske proved that there exists a nilmanifold G/Γ with a left-invariant complex structure such that r(G/Γ) ≥ k.
Considering solvmanifolds, it is natural to expect that we can find a wider variety of complex solvmanifolds with large r(M ) than the case of nilmanifolds. In this paper we consider such expectation.
Our first result extends results in [1] . We consider a solvable Lie-group G with the following assumption. Assumption 1.2. G is the semi-direct product C n ⋉ φ N so that: (1) N is a simply connected nilpotent Lie-group with a left-invariant complex structure J. Let a and n be the Lie algebras of C n and N respectively. (2) For any t ∈ C n , φ(t) is a holomorphic automorphism of (N, J 
Finite-dimensional differential graded algebras of Poincaré duality type
In this section we study the homological algebra of finite-dimensional differential graded algebras like the theory of harmonic forms on compact Hermitian manifolds. • For some positive integer n, A * >n = 0 and A n = Cv for v = 0. • For any 0 < i < n the bi-linear map
Suppose A * is of PD-type. Let h be a Hermitian metric on A * which is compatible with the grading. Take v ∈ A n such that h(v, v) = 1. Define the C-anti-linear map * :
) is of PD-type if the following conditions hold:
• A * is a finite-dimensional graded C-algebra of PD-type.
Proof. By dA n−1 = 0, we have
Hence we have 
By this decomposition, the inclusion H * (A) ⊂ A * induces a isomorphism
of vector spaces.
Proof. Since the restriction * :
is also an isomorphism, the linear map
Hence the lemma follows from Lemma 2.5. 
Proof. By the inclusion H * (B) ⊂ H * (A) the Lemma follows from Lemma 2.5. Let G be a simply connected solvable Lie-group. Denote by g + (resp. g − ) the Lie algebra of the left-invariant holomorphic (anti-holomorphic) vector fields on G. As a real Lie algebra we have an isomorphism g + ∼ = g − by complex conjugation. Let N be the nilradical of G. We can take a simply connected complex nilpotent subgroup C ⊂ G such that G = C · N (see [3] ). Since C is nilpotent, the map
is a homomorphism where (Ad c ) s is the semi-simple part of Ad c . Denote by g * + (resp. g * − ) the sub-DGA of (A * ,0 (G/Γ), ∂) (resp. (A 0, * (G/Γ),∂) which consists of the left-invariant holomorphic (anti-holomorphic) forms. As a DGA, we have an isomorphism between ( g * + , ∂) and ( g * − ,∂) given by complex conjugation. We have a basis X 1 , . . . , X n of g + such that (Ad c ) s = diag(α 1 (c), . . . , α n (c)) for c ∈ C where α 1 , . . . , α n are holomorphic characters. Let x 1 , . . . , x n be the basis of g * + which is dual to X 1 , . . . , X n . For a multi-index I = {i 1 , . . . , i p } we write x I = x i1 ∧· · ·∧x ip , and α I = α i1 · · · α ip . 
Then the inclusion B
By this theorem, since G/Γ is complex parallelizable, for the DBA ( g *
For a holomorphic character ν, we define the subspaces
and Vν = x I α I = 1 ν of g * + and g * − respectively. We consider the weight decomposition
Then we have
Since each ν k is holomorphic, we havē ∂ ν k g * + = 0 and ∂ 
By the Künneth theorem (see [8] ), we have
Hence the spectral sequence E * , * * g * + ⊗ B * Γ is degenerate at E 2 -term. By Theorem 3.1 and [9, Theorem 3.5]), for the Frölicher spectral sequence E * , * * (G/Γ) we have E * , * 2
2 (G/Γ). Hence Theorem 1.1 follows.
Proof of Theorem 1.3
Let G be a Lie-group as in Assumption 1.2. Consider the decomposition n C = n 1,0 ⊕ n 0,1 . By the condition (2), this decomposition is a direct sum of C n -modules. By the condition (3) we have a basis Y 1 , . . . , Y m of n 1,0 such that the action of C n on n 1,0 is represented by φ(t) = diag(α 1 (t), . . . , α m (t)) where α 1 (t), . . . , α m (t) are characters of C n . Since Y j is a leftinvariant vector field on N , for (t, x) ∈ C n ⋉ φ N , we have
where L (t,x) is the left-action and hence the vector field Remark 1. We also consider the direct sum C n ⊕ n. Then we have
The space A * , * (G/Γ) of differential forms on G/Γ is identified with the space of Γ-invariant differential forms on the Lie-group C n ⋉ φ N . All the spaces of forms which we consider in this section can be regarded as subspaces in the space of differential forms on the complex manifold C n × N . In particular we do not need to specify the differentials in the double complexes. 
Hence by the injection 
where λ i are unique unitary characters such that λ i µ
is a non-trivial holomorphic character. Consider the double-complexes
Then we have B * , * = C * , * ⊕ D * , * .
Consider the spectral sequences E * , * * (B), E * , * * (C) and E * , * * (D) of the double complexes B * , * , C * , * and D * , * respectively. Then we have:
is a non-trivial holomorphic character, then the cohomology H * , * ∂
C n is identified with the Lie algebra cohomology of the Abelian Lie algebra C n with values in a nontrivial 1-dimensional representation and hence we have H * , * ∂
Hence the lemma follows.
Since we have
we have C * , * ⊂ (C n ⊕ n) * C by Remark 1, C * , * is closed under wedge product and we havē * (C * , * ) ⊂ C * , * where * is the Hodge star operator of the left-invariant Hermitian metric
Hence TotC * , * is a finite dimensional DGA of PD-type. By Proposition 2.8, we have an inclusion E * , * r (C) ֒→ E * , * r ( (C n ⊕ n) * C ). Hence if the spectral sequence E * , * * ( (C n ⊕ n) * C ) is degenerate at E r -term, then the spectral sequence E * , * * (C) is also degenerate at E r -term. By the condition (5) 
Examples and remarks
In this section we show that Theorem 1.3 is sharp, that is:
Remark 3. We can construct pairs (G, Γ) as in Assumption 1.2 such that:
. Then for some a ∈ R the matrix e a 0 0 e −a is conjugate to an element of SL(2, Z). Hence for any 0 = b ∈ R we have a lattice Γ = (aZ + b √ −1Z) ⋉ Γ ′′ such that Γ ′′ is a lattice of C 2 . If b = 2π, then the Dolbeault cohomology H * , * (G/Γ) is isomorphic to the Dolbeault cohomology of the complex 3-torus (see [5] ). In this case we have
This implies r(G/Γ) > 1. Hence the first assertion of Remark 3 follows.
Remark 4. In [6] , in case N is Abelian we give a condition for r(G/Γ) = 1.
We have a lattice Proof. Since G/Γ is real parallelizable, the Euler class and all Chern classes are trivial. Hence we have
and by the Hirzebruch-Riemann-Roch theorem (see [4] ), for each i ∈ {1, 2, 3, 4}, we have
and so
Hence by the Poincaré Duality and Serre Duality, it is sufficient to show the equalities dim H 
